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A rapid relaxation algorithm for the numerical solution of the conservative full potential equation is described
and used to predict transonic potential flow past thick swept wings. A sheared parabolic coordinate system is
used to simplify the treatment of boundary conditions and an upwind bias is applied to the density in supersonic
regions. A unique feature of the present work is the extension of a strongly implicit procedure, that has, in the
past, been applied only to elliptic equations, to the present elliptic-hyperbolic problem. Numerical results are
presented to demonstrate that the present method is considerably faster than existing line relaxation procedures.

Introductio..

N the field of computatlonal aerodynamics, much of the

current effort is being directed toward finding fast and
inexpensive methods for solving the transonic potential flow
problem.

For two-dimensional, steady, transonic potential flows,
considerable progress has already been made. A variety of
techniques such as the AF2 and ADI procedures,! the fast
Poisson solver algorithms,? the multigrid techniques,* and
the strongly implicit procedure, 5 have already been developed
and implemented into efficient computer codes.

In three-dimensions, until recently, the successive-line-
overrelaxation (SLOR) procedure has been the only procedure
to be successfully and efficiently applied to transonic
potential flows.

Because a typical three-dimensional problem involves well

over 10,000 field points, it is obvious that even a small im-

provement over the performance that is already achieved by
SLOR, will translate into a large reduction in computer time
and expenditure. Motivated by this possibility, research
workers have recently been investigating the application of

implicit procedures such as AF and AF2 algorithms to three-

dimensional flows.%’ Clearly, other implicit procedures, in
addition to AF and AF2 procedures, must be looked into,
because of the large potential savings involved.

It is with this purpose, that the strongly implicit procedure
(SIP) is studied as a candidate for efficient solution of three-
dimensional potential flows. The SIP was chosen as a can-
didate here because it has been shown in the past to be highly
competitive with, if not superior to, AF procedures. Stone?
first proposed SIP as a solution procedure for multidimen-
sional elliptic partial differential equations. Since that time, it
has been demonstrated by a number of research workers that
SIP can be applied to parabolic equations such as the un-
steady Navier-Stokes equations,?® as well as to hyperbolic
equations in time, > and that it performs well even when highly
stretched and distorted grids are being used. It is therefore of
interest to know whether SIP can be applied as an iterative
procedure to three-dimensional steady transonic potential
flow efficiently, and whether it may be extended later to treat
unsteady potential flows. We address the first task—
development of an iterative procedure—in this'work.

Presented as Paper 81-0385 at the AIAA 19th Aerospace Sciences
Meeting, St. Louis, Mo., Jan. 12-15, 1981; submitted Feb. 23, 1981;
revision received Aug. 3, 1981. Copyright © American Institute of
Aecronautics and Astronautics, Inc., 1981. All rights reserved.

*Scientist Associate. Member AIAA.

tScientist. Member ATAA. .

ISenior Research Scientist. Member AJAA.

In the following sections, we compare the AF and SIP
procedures, by applying them to a model problem partially

simulating the steady transonic potential flow. Both the -

advantages and disadvantages of SIP over AF .are presented.
Subsequently, a numerical procedure is developed for solving
three-dimensional transonic potential flow iteratively.
Numerical results are presented to establish the reliability and
accuracy of the procedure. Specific conclusions are drawn
about the convergence speed, computational cost, and
memory requirements of the SIP. Some general observations
are also made about relevant issues such as vectorization of
the SIP,

Relaxation Algorithm

In order to construct an iterative scheme for the solution of
the nonlinear mixed elliptic-hyperbolic partial differential
equation that arises in transonic potential flow, we first look
at the following model problem

(A1¢g)g+(A2¢”)ﬂ+(A3¢g-);=_q 6))

A;, A,, and A, are spatially varying coefficients and may
depend on ¢. For the present purposes we will ignore this
dependence on ¢ and assume these coefficients to be known.
The function g is-a source term which may have a weak
dependence on ¢. We will assume g to be known also.

In this section we will first restate some of the alternating
direction implicit (ADI) procedures available in open
literature for solution of Eq. (1), and compare these
procedures to SIP. The ADI procedures are chosen here for
comparison because they are the most efficient procedures-
currently available in the open literature for solution of steady
and unsteady transonic potential flow problems. 1210 -

For the solution of Eq. (1), following Jameson,* ‘a
generalized ADI procedure may be written as

(1 aasA’ag)(L 1)(L’ aanAzi)
x (L1 (L~ aafAs%)C"+’=wR(¢") @

Here L, is a generalized operator given by
Li=op+a05+a,0 +o,d7
The negative sign implies that these derivatives are replaced by

windward differences in numerical computations. C"+7 is the
difference (¢"*/ —¢") in the value of function ¢ between
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iterations n and (n+1); R(¢7") is the residual of Eq. (1)
evaluated at the nth iteration; w, «, o, «,, and «; are user
specified quantities.

The AF2 procedure, developed by  Holst for three-
dimensional transonic potential flows,6 deviates from Eq. (2)
in some details. Nevertheless, the following observations on
ADI are true also for the procedure developed by Holst. For
two-dimensional flows, the AF2 procedure used by Holst! is

similar to Eq. (2) if the operator [(3/3%)A4;(3/9{)] and all’

other (9/3{) operators are set to zero. -

1) In ADI procedures the coefficients of the factored Eq.
(2) are known a priori and are in fact linear functions of the
coefficients of the unfactored equation. No additional storage
is needed other than originally used to store the coefficients
A, A,, A; and quantities ¢ and R(¢").

2) The parameters w, oy, ¢, 0y, and o are usually varled
between iterations cyclically. They are not spatially varied in
practice. That is, no ‘‘matrix conditioning’’ is attempted to
give well conditioned equations both in regions where 4,, 4,,
and A; are large, and in regions where these coefficients are
small.

3) In the case of Eq. (2), the cyclic variation of parameters
is useful in suppressing all the Fourier components of the
error C"*+1, If optimal parameters are chosen, it may be
analytically estimated that a converged solution is obtained in
O(NIwN) operations where N is the total number of interior

nodes at which ¢ is unknown. The number of operations per

iteration are of order O(N). Specifically, once the coef-
ficients A, A,, A;, and R(¢") are known, three calls to the
Thomas tridiagonal algorithm require 15 arithmetic
operations per point per iteration.

4) If the coefficients A;, A,, and 4, vary widely, as they
will in transonic flow problems solved on a highly stretched
grid, an optimal sequence. of parameters is difficult to
estimate. Thus, the ADI procedure in such situations will
require a large number of iterations to suppress all the error
components.

5) If the coefficients A4;,, A,, A; are not stored but
recomputed due to storage limitations, the ADI procedures
will require 2 calls to the metric routine. Noté that during the
first sweep the residual may also be computed, {The AF2
algorithm by Holst ¢ requires numerical evaluation of metrics
only once, and is therefore more efficient than the algorithm
given by Eq. (2).]

With this background on ADI, we turn our attention to the
strongly implicit procedure, due to Stone. 8

SIP;Procedure

Like ADI, the SIP is also an approximate factorization
procedure. It is applicable equally well as a relaxation
solution procedure or as a time marching procedure. In the
past, SIP has been applied only to elliptic problems and to
parabolic equations in time. But there are no inherent
limitations in extending SIP to mixed -elliptic-hyperbolic
problems and to hyperbolic equations in time.

SIP differs from ADI procedures in that it operates on
difference equations rather than on differential operators.
The model equation being studied may be discretized in space
using central differences for all derivatives. One obtains the
following difference equation for model Eq. (1):

(E,+Z,E;+B,E+D,E;+F,Ef+ HE+S,Ef) C+1

=—R,(¢")—q 3

where E £ etc., are the shift operators. For example,

x(n+l — Ccnri
E Cuk uk*]

R, (¢7") is the residual of the left-hand side of Eq. (1). The

STEADY THREE-DIMENSIONAL TRANSONIC POTENTIAL FLOWS . 599

coefficients E, etc. are given by

Z, = B,=A4
1 Asijk_y, 1 2 vk
D, = F,=A4

1 AIi—szk 1 liv ik -
H, _Azij+ sk S, _A3ijk+Vz

and
E1=—(Z1+BI+F1+H1+SI+D1)

The SIP replaces the above difference equation (3) by the
followmg factored equation:

(dy +apEr+ by E+cy Ey)
x(1+eukE B+ g EHCH =R, (") —q 4
where
Q=2 /1 +ale .+ p-1)]
b=B,/[1+ae;_np+8j-n)l
=D/ +alfi_jp+8i—u)]
dp=E; +alay (e +fu-1) +oule;_n+8;_u)
+ e Sz i+ 8im i — @&t + i - 1a
+Ciiei gl
ey =[F;—a(auey +bye; 1)1/ dy
Fu=H,;—a (a;ykﬁykq +Cufi— )V di
8 =[S, —alcu&iyx +biu8y— 1)1/ diji
Here « is a relaxation factor cyclically varied between the
limits 0 <« <1 during iterations.
The following observations may be made regarding the
SIP:

1) The coefficients of the factored equation are nonlinear
functions of the coefficients of the model equation, and
therefore are not known a priori. Instead they must be
computed using the recursive relationship described above.
The coefficients in the first factor need not be stored since the

first sweep may be performed as soon as these coefficients are
computed. The coefficients of the second- factor should,

. however, be stored for later use in the second sweep. Thus,

SIP requires storage of three large vectors, e, fix, and g,
whose dimensions are the same as those of ¢, and C;,

2) The factored equation is in the familiar LU form, and
may be solved easily. The inversion of LU matrices, and the
solutiori of C"+7 is performed efficiently in scalar machines
since this is essentially a recursive process. (The question of
vectorizing the SIP is taken up in a separate section.)

3) The total number of arithmetic operations invelved in
the computation of the coefficients a;; through g, and the
LU solution, is more than the number of operations required.
by ADI procedure, which essentially involves calling the
Thomas tridiagonal algorithm three times at each point.
(Three calls to the Thomas algorithm require about 15
arithmetic operations, while the SIP requires about 32
arithmetic operations.) Thus, the CPU time per point per
iteration is somewhat higher for the SIP compared to the ADI
procedure.

4) In certain situations, the SIP factorization becomes
locally exact so that the solution is obtained locally in just one
iteration. Consider, for example, a situation where the
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coefficient A, is much larger than the coefficients 4, and A4,
(A;»A,and A, > A;). The SIP factorization becomes

\

(3,4,3,)C"+1=—R,($") —q )

The ADI factorization for this situation reduces locally to the
following form:

) ad
( EA,gg)C"+1=wR1(¢")+wq ©)

Thus, the ADI factorization does not become an exact fac-
torization unless the user externally sets the operator L, to
zero at these points. No such user intervention is necessary in
SIP.

A proof of this observation, under some restrictive con-
ditions, is given in Ref. 11.

5) The SIP has the desirable property of matrix con-
ditioning. That is, it automatically adjusts the diagonals of
the first and second factors so that they are always well
conditioned, both in the regions where the mesh spacing is
small and in those where mesh spacing is large. As noted
earlier, ADI does not automatically condition the matrices
that arise from the factorization. Even though the user is at
privilege to introduce matrix conditioning by varying the
parameters o, etc., spatially, it is not generally done because
this practice leads to an inflexible code not readily adapted to
a wide variety of geometries.

The above property of matrix conditioning may be
analytically shown for the case when a=0. For other values
of «, except =1, some matrix conditioning is always
present, although this can only be verified numerically. For
the case ao=0, the existence of this property is proved for
some restrictive conditions in Ref. 11,

6) It may be shown for relaxation problems SIP converges
in O(NN) equations even if a nonoptimal sequence in « is
used, while ADI converges in O(NN) operations only if an

optimal sequence is used. At present this concept may only be

verified numerically.

In summary, SIP leads to a relaxatlon algorithm that
requires somé additional memory and computing effort.
However, it has the remarkable property of matrix con-
ditioning and also the property of becoming locally an exact
factorization in certain highly stretched coordinate systems.

Having examined some of the interesting properties of SIP,
we now turn our attention to the construction of an efficient
algorithm for numerical solution of steady transonic potential
flow past thick swept wings. The present algorithm is ex-
tended readily to unsteady transonic potential flows. Results
for the unsteady transonic potential flow are presented in a
separate report. 12 .

Governing Equations

The full potential equation in a strong conservation form
may be written in a curvilinear coordinate system (£,%, {)as

(5)+ () + (5F) =0 ®

!

-1
- [1+7—2———M£,,(1—U¢£— Vo, W¢;)] 1-1

where

U=A;¢,+A,$,+A;¢,
V=A,0,+A,0, +As0,
W=A;6,+A;0,+Ash,

A, =El+E2+E2 A=k, +Em,+E,
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A3-=Exs“x+£y§y+gz§z Ay=q2
As=neletm 8y +n.8, A6=§'§+§'§+§‘§
T=Emy 8 —Exn: 8y +Em G~ Enil,

FEMS, ~En, G

+ni+92

In the above equations p is the density normalized with
respect to its freestream value; M, is the freestream Mach
number; v is the ratio of specific heats; and U, V, and W are
the contravariant components of velocity. 4,, A,, A, etc.,
are metrics of transformation and J is the Jacobian of trans-
formation.

Grid Generation

In the present work, the well known sheared parabolic
coordinate transformation, extensively used by Jameson and
his co-workers, 13 is used to construct a body-fitted coordinate
system around a thick swept wing mounted on a wall. We
briefly describe the grid generation procedure. The trans-
formation consists of a sequence of steps. In the first step, the
wing planform, which is an arbitrary shape in the physical
coordinate system (x,y,z), is reduced to a rectangle in a
coordinate system (x;, ¥;, z;) by the transformation

x—=x,(») z :
= = —, = 8
c(y) = Y ®
Here x,(y) is the wing leading-edge location at each
spanwise station y; c(y) is the wing local chord on the wing,

and beyond the wing tip c(y) is set equal to wing chord at the

" tip. This introduces a discontinuity in the slope of c¢(»)

plotted against y at the tip, but appears to create no adverse
effects.

In the second step, at each.y; =const station, the airfoil
profile is unwrapped about a singular point (x,, y;, z,)
located just inside the wing leading edge, according to the
transformation:

x 4N =Iz =Vx, —x,+V—-1(z,-Z,), y' =y, ©)

Continuation of the square root transformation beyond the
wing tip introduces a singular line in the works of Jameson
and others requiring special treatment. In the present work,
the wing is extended beyond its tip with fluid airfoils of very
small but finite thickness. (Since these are fluid airfoils, ¢
must be continuous across them, and appropriate action is
taken while applying the boundary conditions on the surface
of -the airfoil. Continuity is ensured by averaging ¢ at grid
poirits above and below the fluid airfoil. At the leading edge
of the fluid airfoil, the value of ¢ is obtained by extrapolation
from adjacent points. These statements will be clarified
during our discussion on boundary conditions.)

The above square root transformation unwraps the wing,
and the region beyond the wing tip as well as any assumed
vortex sheet shape behind the wing, into a smoothly varying
surface S(x’, y’). A shearing transformation is now applied:

’

y=y' x=x' z=z'-S(x".y’") (10
Following the above transformation, stretching is applied to
obtain the final computational domain (£, 1, {) where

£=£(x%) n=n(y) §={(2) an
In the coniputational domain the grid points are uniformly
placed, so that A =An=A{=1. In the physical plane (x,y,z),
the grid points are clustered closely near the wing and are

highly stretched in other regions.
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Numerical Computation of Metrics

The quantities £,, £, etc., that are needed to compute the’

metric coefficients A, A,, etc., are related to the quantities
Xg, X,, €tc., by the relationship

éx Ey 52 T X Y 2 -1
oM n | =% ¥y, oz (12)
$x fy e Xe Yo %

In our work x;, x,, etc., were computed using fourth-order-
accurate central dxfferences at interior points. At points
adjacent to the computational boundaries, second-order-
accurate central differences were used. At points on the
boundary, second-order-accurate three-point one-sided
differences were used. The metrics A;, A4,, etc., were not
stored but were computed as and when needed.

-Care must be taken while choosing higher order formulas
for the computation of metrics, as observed by Steger and
Caradonna. !° Even in 4 region of uniform flow, with density
set to unity, the discretized form of Eq. (1) can give a large
nonzero residual if the metrics are evaluated using arbitrarily
higher order formulas. In our work, it was observed that the
use of a reduced potential G, equal to ¢ minus the con-
tribution due to freestream velocity, reduces this residual
substantially, even when fourth-order-accurate formulas were
used to compute metrics. For clarity, we describe only our
formulation based on ¢ in this work.

Discretization of Governing Equations
A second-order-accurate finite difference approximation to
Eq. (7) is obtained by replacing all of the spatial derivatives
with central difference formulas. For example, a quantity
[{04,/J) ¢;]; is discretized at a point (i,j,k) as

(——¢5) (P‘j >i+%jk(¢,-+,jk—¢,~,-k)

il - o
_< J ),._,/zjk-(‘bijk bi- k) a3

The density and metric coefficients were evaluated at nodal
points (i.j,k), and their values at half points were computed
using averages.

In order to avoid treatment of a system of nonlinear
equations, the density was lagged behind ¢ by one iteration.
The cross derivatives were also evaluated at the earlier
iteration and moved to the right-hand side. A quantity such as
[(pA4,/7) 0,1, was evaluated as

A
65 [p72 ¢”] = %(pA;/J’)i+'/;jk

XAPiptjrtke T Pyrik — Pij—nic — Piv j—1ic)

=Y (AT iy Py +Bi— pjr ke = Pijm ke — iz jmix) (14)

In the computation of density, similarly, central differences
were used to compute the spatial derivatives - wherever
possible. At the far-field boundary, the density was set to
unity. On the wing surface determination of density requires
evaluation of the quantity ¢,. The zero-normal velocity

condition was invoked as suggested by Holst,® and ¢, was

linked to ¢, and ¢,, which may be evaluated using central
differences. Similar treatment was given to points on the end
wall and at the wing/end wall interface.

The discretization just described is stable in subsonic
regions and second order accurate. In supersonic regions, an
upwind bias is needed for stability, and the density is modified
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using the artificial density concept extensively used by Holst
and Ballhaus, !4 Holst,® and others. For example, a term such
as (oU/J); in Eq. (1) is replaced by [p(U/J)];, were p is
defined by

5 =p in subsonic regions 15%5)
p=p—r[(I— e)ﬁép + EB_EEP] in supersonic regions

Here
v=min[l,2(M? - 1)]

Both first- and second-order-accurate discretization for-
mulas may be obtained by setting e either to be zero or close to
unity. The arrow over the difference operators indicates that
windward differences are taken.

In the present work, € was set to zero, giving a first-order-
accurate formula in supersonic regions. In a recent work,
Steger and Caradonnal® suggest that the upwind bias may be
applied both in the subsonic and supersonic reglons This
would eliminate the test on local Mach number, and, in some
cases, eliminate the spurious expansions ahead of strong
shock waves. Note that by setting »=1 and e =0.8 and setting

ngp =(p;-2=2p;_;+p;)

one would recover the artificial density formulas used by the
above authors in some of their numerical results.

One can obtain a rotated difference scheme by applying the
artificial bias to density in all three coordinate directions. We
have experimented with the above rotated difference scheme,
as well as with some other forms of artificial density con-
sidered by Hafez et al.!’ In the results presented here, the
upwind bias was applied only in the £ direction.

Boundary Conditions
The discretized form of Eq. (7) was applied at all of the
interior points as well as points on the end wall. At the points
on the end wall, the boundary condition is V=0, which was’
imposed by setting

.-,
J dyouk J ik

at these pomts
On the wing surface, the zero normal velocity boundary

-condition gives

W=A;¢,+A;¢,+A;6,=0
or
¢ = —[(As9, +A;0,) /A (17
The terms on the right-hand side were evaluated at the

known iteration level. The term on the left-hand side was
written as

¢§’=(4¢ij2_3¢ij1_¢if3)/2 / (18)

thus linking the point on the wing surface (i,/,1) with points
in its neighborhood. Equation (17) was implicitly built into

" the discretized form of Eq. (7) while the latter was applied at

(i,7.2).

At points on the vortex sheet, and also on the fluid airfoil
sections, the velocity potential was explicitly updated after the
velocity potential was determined at all interior points at the
new iteration level.

Considering first the points on the vortex sheet, there are
two computational points for each physical point, one on
either side of the vortex sheet. At these points the conditions
that the normal velocity be continuous and that the jump in
potential be the same as the jump at the wing trailing edge
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immediately upstream lead to two simultaneous equations
which may be solved for the values of ¢ at these two com-
putational points.

At points on the fluid airfoil section, everywhere except at
the nose, there are two computational points, one on the
upper surface and the other on the lower surface of the airfoil.
The same conditions as those applied at the vortex sheet may
be applied at these points except that the jump in velocity
potential is zero.

Special treatment is needed at the nose points of the fluid
airfoil section because there is only one computational point
for each physical point. Because mass can not be created
- inside the fluid airfoil, neglecting spanwise variation, we
required Sp«'b ds to be zero at each station. Since p¢, at all
other points of the fluid airfoil exactly balance and cancel at
the nose we require ¢, =0. This is achieved by settmg
. 1=9;2t0a first- order accuracy, where the point (i,/, 1) is
the nose point.

Results and Discussion

A computer code has been written that is capable of treating
steady transonic flow past swept wings. Because the governing
equations are solved in a curvilinear coordinate system, the
program is capable of analyzing wings of arbitrary geometric
characteristics. Only the coordinates of the body fitted grid
system need to be specified. The code may easily be extended

to treat wing-body combinations as well. However, in the

numerical results presented here, only wing-alone geometries
- are considered.

A first test case studied was the nonlifting potential flow
past a wing of high aspect ratio equal to 100, and a sweep
angle A of 30 deg mounted between wind tunnel walls. A
NACA 64A006 airfoil section, whose thickness was scaled
down by a factor of cosA was used. The freestream Mach
number was set to 0.8/cosA. A sheared parabolic coordinate
system, with 130 nodes in the streamwise (§) direction, 20
nodes in the { direction, and 5 spanwise stations in the 7
direction, was used. At the end of 40 iterations, the surface
pressure had converged within plottable accuracy to the
properly scaled two-dimensional solution predicted by the
simple sweep theory, as seen in Fig. 1. For this case the
maximum residual dropped by more than three orders of
magnitude in about 90 iterations.

A series of calculations for a swept wing mounted between
wind tunnel walls, with NACAOQ015 airfoil sections, was
carried out. The wing sweep angle was 25 deg, the freestream
Mach number was 0.86, and the aspect ratio was set to 9.5, At
the end of about 54 iterations, the solution converged to the
numerical results obtained by Holst using the AF2
procedure, § as seen in Fig. 2.

2 NACA 644006 AIRFOIL SECTIONS

o TUO-DIMENSIONAL "SOLUTION

[=J

®

°- .

_________ PRESENT THREE-DINENSIONAL SOLUTION

<=

&

’bTou 0.20 0.40 0.60 0.80 1.00

: X

Fig. 1 Two- and three-dimensional pressure coefficient comparisons
(NACA 64A006 airfoil).
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The accuracy, reliability, and convergence speed of the
presént algorithm for practical problems was teésted by
studying lifting and nonlifting transonic poténtial flows past
the ONERA D wing. This wing has been extensively studied
both experimentally * and numerically”!! and is therefore an
excellent candidate for evaluation of new algorithms. A
130 %24 x 17 grid was used in the present study.for nonlifting
flows, including 100 nodes on the wing at each spanwise
station in the £ direction and 16 spanwise cells on the wing.
For lifting flows, a 16028 X 17 grid with 20 spanwise cells
was used..

Two flow conditions were studied. In the first study, the
angle of attack was set to zero, and the freestream Mach
number was set to 0.923. The iterative solution rapidly
converged to the steady solution, and at the end of 99
iterations the surface pressure distribution had converged, at
least to three significant digits, everywhere. The converged
solutions are plotted at several spanwise stations in Figs. 3-6,
and are compared with experiments. !

In Fig. 7, the surface pressure solution at mldspan is
compared with a nonconservative transonic potential flow
solution obtained by executing the FLO-22 code for the same
flow conditions. It is clear from the above figures that the
present algorithm gives numerical - results that are in
agreement with experiments and other existing codes. Note
that the FLO-22 code was used here for comparison, because
it gives nearly identical results, even at the shock, as the more
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Fig.' 2 Midspan surface pressure distribution (NACA 0015 wing,
AR =10, A =25 deg, a:=0 deg, Mach No. =0.86).
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Fig. 3 Experimental and predicted surface pressure distributions at
selected span locations (ONERA M6 wing, a=0 deg, Mach
No.=0.923, 20% span).



MAY 1982 STEADY THREE-DIMENSIONAL TRANSONIC POTENTIAL FLOWS - 603
9 g
- f
™ i ‘ o |
-t ~-- . PRESENT —— ——i - ——— PRESENT
o EXPT.
w' N
. 24 I

—CP
(I).O 0.4
%
/$,AL/
|

08 04

L ,
T T i
00 02 0.4 0.6 0.8 1.0
; X/C
Fig. 4 Experimental and predicted surface pressure distributions at
selected span locations (ONERA M6 wing, a=0 deg, Mach
No. =0.923, 45% span).
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Fig. 6 Experimental and predicted surface pressure distributions at
selected span locations (ONERA M6 wing, a=0 deg, Mach
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|
T
|
0

00 02 6 08 10

4
X/C
Fig. 7 Midspan pressure distribution compared to solution from
FLO-22 (ONERA M6 wing, a =0 deg, Mach No. =0.923).
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Fig. 8 Midspan pressure distribution evolution with iterations
(ONERA M6 wing, a =0 deg, Mach No.=0.923).
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Fig. 9 Experimental and predicted surface pressure distributions at

selected span locations (ONERA M6 wing, «=3.06 deg, Mach
No. =0.84, 20% span).
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expensive, but fully conservative, FLO-27 code for this wing.

Some indications of the convergence speed that can be
expected from the present relaxation procedure may be ob-
tained by examining Fig. 8, where the surface-pressure
distribution at midspan is plotted at 54, 72, and 99 iterations.
1t is clear that a converged pressure distribution is achieved in
about 54 iterations everywhere except at the shock, and that
by 72 iterations even near the shock the pressure distribution
has converged.

In the second study involving the ONERA D wing, the
angle of attack was set to 3.06 deg, and the freestream Mach

-number was set to 0.84. The introduction of another
unknown, namely, the circulation generated by every
spanwise station, slows down the convergence for this case
somewhat compared to the previous nonlifting case; in ad-
dition, the total number of nodes for the lifting case is about
30% more than that for the nonlifting case, and this con-
tributed an increase in the number of iterations: needed for
convergence. In our computations, a converged surface
pressure distribution was obtained in about 120 iterations.

In Figs. 9-11 the surface pressure distributions at several
spanwise stations are plotted and compared with experimental
results. These lifting wing results were computed using the
reduced potential formulation, with density computed at
midpoints. In Ref. 11, results for the full potential-nodal
density formulation are given.

The above results indicate that SIP converges very rap1dly
to a reasonably accurate solution. But there is still some room
for improvement, particularly with regard to solution ac-
curacy. In the nonlifting flow case, the predicted shock
location at the 65% outboard station is ahead of the ex-
perimental results, while the exactly opposite effect would be
expected. ‘This appears to be caused by large discretization
errors due to the rapid stretching of the coordinates. In the
lifting case, the forward shock is not captured properly. This
is caused by the fact that the amount of artificial viscosity
used in the supersonic region was larger than that suggested
by a Murman-Cole type of switching, leading to an extreme
smearing of weak shock waves. Currently, work is being
carried out to improve the accuracy of the present algorithm.

Computer Time and Storage Requirements -
All of the computations were performed ona VAX 11/780

minicomputer system. This computer has virtual addressing

capability and therefore can handle programs that require
very large memory. We have, nevertheless, kept the memory
requirements of the computer code to a minimum, so that the
present code can be executed on the CDC 7600 class of
computers. In the code five large arrays are used to store ¢,

1.6
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X/C
Fig. 10 Experimental and predicted surface pressure distributions at

selected span locations (ONERA M6 wing, a=3.06 deg, Mach
No. =0.84, 45% span).
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R(¢"), e, f, and g. Note that e, f, and g are required in the
SIP factorization procedure. All other quantities, including
the x, y, and z coordinates of the grid, the density, and the
metric coefficients, are recomputed as and when needed. We
estimate that a three-dimensional problem involving 64,000
nodes may be solved on the CDC 7600 if both the LCM and
SCM memory of the machine amounting to a total of 384K,
are used. If ¢ is not stored, but is sequentially buffered into
and out of the central core memory, even larger problems
involving, say, 80,000 nodes, may be solved.

The CPU time per iteration of the present computer code
was evaluated by running, for a few iterations, a test problem
involving 30,000 nodes on a CDC 7600 available on the
CYBERNET system. Based on this test, we estimate that a
problem involving 46,000 nodes would require 5.8 s per point
per iteration using the code described here, and this may be
compared with the 4.5 s CPU time used by the AF2 algorithm
described by Holst® for three-dimensional flows with a
comparable total number of nodes. Since the present com-
puter program is purely a research code, some reduction in
CPU time can be achieved by careful reprogramming of the
code.

Based on the above CPU time estimate, a practical problem
on a 130 x 17 X 28 grid that involves 100 nodes on the wing in
the streamwise direction and 20 spanwise cells on the wing
may be solved on the CDC 7600 in about 13-15 min based on
100 iterations. With careful reprogramming, the CPU time
may be reduced to about 10 min or less. In its present form,
the code is twice as fast as existing line relaxation procedures
such as FLO-27. Currently, grid sequencing is being built into
the existing code, and this essentially involves getting a good
starting solution by solving the problem gn a coarse grid, with
8-64 times fewer points. With the grid sequencing, the SIP is
expected to be 5 times faster than FLO-27.

Among other three-dimensional potential flow procedures,
the AF2 method described by Holst promises to be another
implicit procedure with excellent convergence properties, and
for the NACAOQO15 case reported here, the AF2 procedure
apparently requires essentially the same number of iterations
as the SIP. Clearly, any detailed comparison of SIP and AF2
will require that identical problems be solved on comparable
grids with equal grid points. Such a detailed comparison is not
attempted here. It may also be mentioned that the AF
procedure documented by Chattot and co-workers? requires,
based on a total number of 49,000 nodes, 15-30 min on the
CDC 7600, and appears to be another promising development
for the implicit iterative solution of transonic potential flow.
A unique feature of the SIP, in contrast to the AF, AF2, and
line relaxation procedures described here, is that it may be
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Fig. 11 Experimental and predicted surface pressure distributions at
selected span locations (ONERA M6 wing, a=3.06 deg, Mach
No. =0.84, 65% span).
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readily extended to three-dimensional unsteady flows with
little or no modification in the factorization algorithm,
thereby resulting in a single computer code that is capable of
solving steady and unsteady problems simply by changing a
parameter in the input data. 2

Vectorization of the SIP

The iterative procedure, as described in the present work, at
first glance, can not be easily vectorized because of the large
number of recursive:operations. Some simple modifications
rectify this shortcoming. For example, the L and U factors in
the SIP may be broken up into smaller operators, in the spirit
of the Douglas-Gunn factorization, each smaller operator
involving one side differences only in the £, 4, or { directions.
Then the inversion of these operators may be vectorized in
much the same way as an ADI procedure would be vectorized.
This breaking up of operators may be done without losing the
matrix conditioning properties of SIP. Similarly,
modifications are possible in the recursive computations of
the factors e, f, and g. Other computations, such as
evaluation of metrics, density, residual R(¢”) etc., may be
vectorized without any modifications.

Concluding Remarks

An algorithm has been developed that is capable of treating
“practical transonic lifting potential flow past three-
dimensional geometries. A reliable converged solution is
obtained in less than 120 iterations, and this is a significant
improvement over existing line relaxation algorithms, which
will require, in the absence of grid sequencing, hundreds of
iterations to obtain a converged solution. The algorithm can
handle highly stretched grids without loss in convergence
speed, and no precise estimates of the optimal sequence of
iteration parameters are necessary. Any reasonable sequence
in « may be adapted. With very little modification in the basic
factorization, the code may be extended to treat unsteady
transonic potential flows as well.
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